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Experimental evidence of tunneling as a stochastic process
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A model for tunneling based on stochastic processes proves to be capable of interpreting the results of two
experiments at the microwave scale. The first of these consisted of measuring the penetration time in a
subcutoff waveguide; the second one, in measuring the shift of a beam in a frustrated total reflection. Said shift
which is a measurement of the traversal time of the barrier. In both cases, a peak in the real-time component
was evidenced, as predicted by the theoretical model.
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Tunneling processes are interesting also in connec
with superluminal aspects, even if cases of the absenc
dispersion, which is always present in tunneling, give m
evident and clearer results@1#. Avoiding for the moment a
consideration of these aspects, we shall now reconside
question of tunneling time in relation to an alread
formulated stochastic model@2#, in order to demonstrate
some interesting new aspects. According to the pionee
work by Kac @3#, then developed by DeWitt-Morette an
Foong@4# and subsequently applied to tunneling@5#, a sto-
chastic model for tunneling processes has been success
applied in order to interpret experiments with Joseph
junctions @6# and optical tunneling in the microwave rang
@2,7#. However, in all previous experimental demonstratio
the variable ranges were not sufficiently extended so a
obtain a clear demonstration of the validity of the stocha
model. Here, on the contrary, the extension of the field
variables was sufficient to give unambiguous proof of
theoretical predictions. Another aspect is represented by
existence and the detection of a sort of resonance whic
peculiar to this kind of approach: based on a stochastic
tion of the ‘‘particle’’ inside the forbidden region of the ba
rier, this approach can be also related to highly irregu
paths in quantum mechanics predicted by Feynman
Hibbs @8#.

The salient results of the stochastic model can be sche
tized as follows: the average tunneling time is a comp
quantity expressed, forL/v tending to zero, as~see the last
paragraph!

^t&.aS L

v D 2

1 i
L

v
, ~1!

whereL/v is the semiclassical time that represents the ima
nary part,a is the friction coefficient that enters the telegr
pher’s equation, and is ‘‘responsible’’ for the real part, whi
is zero if a50 and depends quadratically onL/v. However,
if a is zero, do we have to believe that a real part of
tunneling time does not exist? This is certainly not the ca
since any dephasing through the boundaries of the ba
can contribute to real time~phase-time model!. An alterna-
tive approach for evaluating this duration is represented
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the Feynman’s transition elements@8#. By applying these, we
can obtain a contribution to the tunneling time of the ty
(L/v)exp(2S0 /\); that is, a result according to which th
real time duration is provided by the semiclassical tim
(L/v) attenuated by the factor exp(2S0 /\), with S0 as the
classical action. In typical cases, withS0 of the order of a
few units of\, this factor is of the order of 102221023, and
a contribution of a few picoseconds is compatible with sem
classical times of the order of 102 ps, as in Josephson junc
tions @6#. In this work, the conclusion has been drawn th
this contribution should be added to the one evaluated by
stochastic model which, in this case, turned out to be on
same scale of picoseconds. On the contrary, in the ligh
the present work, we have to believe that the two contri
tions; namely the one given by the stochastic model and
one evaluated by the transition elements, are really thesame
result. In fact, even within the framework of the transitio
elements, we arrived at a result of the type~see the last
paragraph!

^t&.
imc2

\ S L

v D 2

, ~2!

which according to the prescription by Gaveauet al. @9#, i.e.,
by identifying imc2/\ with a, becomes

^t&R.aS L

v D 2

~3!

exactly as the real part in Eq.~1!. This result tends to put the
stochastic model in a different light, one that is not limite
by the presence of dissipation~always present in macro
scopic systems!, but that is also capable of interpreting sit
ations in which the dissipation is absent or negligible.

This, however, is not the only result of the present wo
Another and perhaps more important result, one that is
culiar to the stochastic approach, was obtained when
range of the variableL/v is not limited tosmallvalues, but is
extended, depending on the parametera, to large values of
L/v. In this way, we found that real time as a function
L/v shows the unexpected presence of a peak@see Fig. 1~a!#.
This is situated approximately at a value ofL, so that the
semiclassical timeL/v is nearly equal to thetime a21. Be-
hind this peak, the curve continues with a nearly quadra
©2001 The American Physical Society02-1
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FIG. 1. Real part~a! of the penetration time as a function of th
position l inside the barrier~infinitely long! computed for severa
values of the frequencyn below the cutoff one at 10 GHz and for
fixed value of the dissipative constanta52 (ns)21. The position
of the peak~whose amplitude is equal to 3/a ns) is nearly coinci-
dent with l 5v/a, so by loweringa it tends to increase, while i
decreases with increasinga. So, the possibility to detect this pea
depends on a suitable choice of the parameter values.A and B
indicate the points of stationarity in the curve;~b! same as~a! for
the imaginary part.
02510
law. This behavior, i.e., the presence of a peak in the r
part of the traversal time, supports the hypothesis of a k
of resonance, which is also confirmed by the curve of
imaginary part of the time. In fact, this curve shows a typic
shape@see Fig. 1~b!#, with a zero in correspondence with th
position of the above-mentioned peak, which is a charac
istic of resonances@10#. The origin of this resonance is no
completely clear: we note that its occurrence, forL/v'a21

could be interpreted by rewriting this condition asaL'v,
and hypothesizing in that it occurs, producing astrong in-
crease in real time, when the semiclassical~imaginary! ve-
locity v becomes comparable with the quantityaL, that has
velocity dimensions and acts in the sense of slowing do
the motion, thus increasing the traversal time of the barr
More important than the theoretical interpretation is the
perimental test of this behavior. Two experiments were p
formed in the microwave range~wavelength,l.3 cm) and
consisted, one in measuring the penetration time in a ba
constituted by a rectangular waveguide excited below
cutoff frequency, the other in measuring the lateral shift o
microwave beam in the case of frustrated total reflection

In the first experiment the signal~the pulse modulation of
the carrier! was taken simultaneously before the input of t
barrier ~where the waveguide was filled by a dielectric, t
flon, so that the frequency of the carrier wasabovethe cut-
off! and inside the barrier at a variable positionl ~see the
inset in Fig. 2!. The two signals were sent to a dual chann
oscilloscope~Tektronix TDS 680B! suitable for measuring
the temporal delay between the two signals with suffici
accuracy. Reliable measurements required the use of
quencies near the cutoff one (n059.494 GHz) and a pen
etration depth in the barrier of a few centimeters, in order
have an acceptable attenuation of the waves. The meas
ments were performed at several values of the freque
carrier ranging between 9.46 and 9.28 GHz, and were c
pared with the curve of the real part of the traversal tim
This was computed, for a given frequencyn, which deter-
se-

ier

s

FIG. 2. Penetration time results~small
crosses, triangles, and circles refer to different
ries of measurements! as obtained with the ex-
perimental setup shown in the inset. The carr
frequency wasn59.33 GHz, the cutoff fre-
quencyn059.494 GHz. The upper curve refer
to a52.25 (ns)21; the lower curve is obtained
by including an imaginary part, namely,a
52.252 i0.5 (ns)21.
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mined the velocity through the relationv5cA( ñ0 /n)221,
with ñ0 as the effective cutoff frequency given byñ0

5An0
21a2n2/c2, by selecting the value fora, which best

described the experimental data.
In extreme cases,n59.46 and 9.28 GHz, the results ob

tained showed a clear monotonic~nearly quadratic! behavior,
increasing withl, the description of which by the stochast
model required values fora of the order of 1 (ns)21 or less.
More interesting were the cases at intermediate frequen
~9.39 and 9.33 GHz!, which exhibited more complicated be
havior, with the presence of a more or less pronounced p
as predicted by the theoretical model in some cases~see Fig.
1!. In Fig. 2 we report the results obtained forn
59.33 GHz showing a clear increase in the delay up
values ofl around 2.5 cm. However, for larger values ofl,
the delay tends to decrease or, at least, to saturate. Th
sulting peak was however, not as accentuated as predicte
the above theory, but rather was damped as if a damp
coefficient were present in the resonance~a phenomenon
analogous to the lowering of the coefficientQ of a resonant
circuit or cavity@11#!. By taking into account that in tunnel
ing cases, thedissipativeparametera represents an imagi
nary dissipation, i.e., notdissipative, but ratherreactive, it is
plausible to introduce a truly dissipative effect by including
suitable imaginary part in parametera, so thata→a1 ib. In
this way, we obtained more damped peaks in the curve
the real part of the time, as shown in Fig. 2, where the low
curve is obtained fora52.252 i0.5 (ns)21.

The second experiment consisted of measuring the shi
a beam traversing a gap of a few centimeters between
paraffin prisms while total reflection takes place in the fi
prism and evanescent waves originate in the gap. This i
extension to the microvave range of an analogous exp
ment already made in the optical range@12#. With reference
to the inset in Fig. 3, for an incidence anglei 560° ~the
critical angle is 42°) we have quantityD, which is a measure
of the traversal time, as twice displacementd. The latter can
be determined by measuring the shiftDs of the beam while
the gap is varied from zero tod. Put into a formula, we have

D52d52~d sin i 2Ds!. ~4!

Once the shiftd is known, we can determine the travers
time as@12#

t5
nD

c sin i
, ~5!

wheren is the refractive index of the prisms~in our casen
51.49) andc is the light velocity in vacuum. In Fig. 3 we
report results oft versusd as they result from the measur
ments. We note that, in spite of a non-negligible uncertai
@13# in determining of the duration of the process, the d
confirm the presence of the peak as predicted by the the
ical model. In Fig. 3, we report the curves as given by
theoretical model: see Eqs.~6! and~7!, where the velocity is
given, in this case, byv5c/A(sin i)2n221, @14,15#. The
value ofa that best fits the experimental data is between
02510
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and 35 (ns)21. A small imaginary part, say b5
22.5 (ns)21, is also admissible.

It seems, therefore, that by means of these experim
we have obtained a sufficiently clear demonstration of
validity of the stochastic model for tunneling, even indepe
dently of the existence of the peak in the curve of the de
time. This peak, however, strongly supports the theoret
model, even if its implications are rather surprising. In fa
for certain values ofl, or d, the traversal time of the forbid
den region tends todecrease, while the distanceincreases.
This unusual behavior deserves further investigation be
any definitive conclusion can be safely drawn. It is wor
noting, however, that in the region of the resonance peak,
punctual velocity as given by the inverse of the derivativ
that is, the limiting values ofD l /Dt in Figs. 2 and 3, supplies
velocities that are infinite in the two stationary points~i.e., A
and B in Fig. 1! and negative in the intermediate interva
This behavior is reminiscent of the results recently dem
strated by Wanget al. @16#, with gain assisted superlumina
velocity in light propagation.

Equivalence of the stochastic model with one deriv
from the transition elements. According to the analysis o
Ref. @2#, the average of the traversal time of a classica
forbidden region can by evaluated as

^t&5

E
2`

`

i tg~ ir ,i t !dit

E
2`

`

g~ ir ,i t !dit

, ~6!

FIG. 3. Traversal time results as a function of the gap widthd
between two paraffin prisms. The experimental setup is show
the inset. The microwave beam at 9.33 GHz, in conditions of fr
trated total internal reflection, exhibits a shiftDs, in the transmitted
part through the gap, which is related to the traversal time. T
curves correspond to the real part of the tunneling time as given
the theoretical model fora535 (ns)21 ~solid line!, and a535
2 i2.5 (ns)21 ~shaded line!.
2-3
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whereg( ir ,i t ) is the distribution function of the stochast
processes analytically continued to the imaginary tim
When developed, Eq.~6! produces the following result:

^t&5
r @2 sinar2ar#1 ir @2 cosar2112a2r 2/3#

~2 cosar21!12i ~ar2sinar !

[Rê t&1 i Im^t&, ~7!

wherer 5L/v is the semiclassical time, andv is the velocity
in the forbidden region~barrier!. When the argumentr→0,
Eq. ~7! tends to the simple expression~1!. The exact behav-
ior for the real and imaginary part, however, is the o
shown in Fig. 1.

We now want to see how it is possible to obtain a res
similar to the real part of Eq.~1!, namely Eq.~3!, within a
completely different framework: that of transition elemen
On p. 174 of the Feynman and Hibbs book@8#, Eq. ~7.49!
reads

K S Dx

« D 2L 52
\

im«
^1&, ~8!
s.

v

y

02510
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where« equalsDt and ^1& is the propagator. The quantit
\/m« has the dimensions of (velocity)2, the same as
(Dx/«)2. Assuming that the operation of average does
modify the dimensions@17#, we obtain the relation

«^1&5 i
m

\
^~Dx!2&, ~9!

and by multiplying byc2↔v2, we obtain

«^1&5 i
mc2

\ K S Dx

v D 2L , ~10!

which by assuming«^1&5^t&R and Dx5L, becomes Eq.
~2!; by identifying, as before,imc2/\↔a, it becomes Eq.
~3!, as previously anticipated. Therefore, for small values
the argumentDx/v or L/v, the two approaches give th
same result for the real part of the traversal time.
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